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Abstract 

In this note we compute values of global linear Harbourne constants over 
arbitrary fields for up to ten lines. These invariants have appeared recently in 
the discussions around the Bounded Negativity Conjecture, see [2]. They seem 
to be of independent interest also from the point of view of combinatorics. 
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1 Introduction 

In recent years, there has been growing interest in negative curves on algebraic 
surfaces. The Bounded Negativity Conjecture (BNC for short) is probably the most 
interesting open question in this area. The BNC predicts that for any smooth 
complex surface X there exists a lower bound for the selfintersection of reduced 
divisors on A. It is not known if the Bounded Negativity property is invariant in 
the birational class of a surface, i.e. given birational surfaces X and Y, it is not 
known if curves on X have bounded negativity if and only if they do on Y. As 
the first step towards understanding this question, in [2] the authors introduce and 
study Harbourne constants (see Definition 13.11 for details). It is well known that 
these constants can become arbitrarily small in finite characteristic when allowing 
d to grow infinitely. It is an intriguing question if they are bounded over the field of 
complex numbers. The purpose of this note is to actually compute these constants 
for a low number of lines (up to 10) defined over an arbitrary field. This is a problem 
of combinatorial flavor and we hope that results presented here might be of interest 
also from this point of view. We restrict to up to 10 lines since configurations of 
more lines cannot be easily dealt with the tools developed here, see [3]. We hope to 
come back to this case in the sequel paper. 

Our main result is Theorem 13.31 


2 Configurations of lines 

In this section we collect some basic facts about configurations of lines in projective 
planes. By a configuration of lines we understand a family L = {Li,... , L^} of 
mutually distinct lines. Let T(£) = {Pi,..., P s } be the set of singular points of the 
configuration i.e. intersection points of lines in L. For a point P £ P 2 we denote 
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by mj:(P) the number of lines from L passing through that point. Let t k = t k (L) 
denote the number of points where exactly k ^ 2 lines meet. Then there is the 
obvious combinatorial equality 



This equality provides the first constrain on the existence of line configuration. Let 
T = (t 2 ,.. • ,td) denote a non-negative integral solution to CQ). It is n °t clear when 
such a solution comes from a configuration of lines. Therefore we present some more 
geometrical criteria for the existence of certain line configurations. They are surely 
well know to experts but we were not able to find a proper citation in the literature. 
Thus we collect these facts for the convenience of a reader. 

Lemma 2.1 (Parity Criterion). Let L = {Li,..., L^} be a configuration of lines. 
Let L G L be a fixed line. Let P\(L),..., P r (L) be intersection points of L with other 
configuration lines with multiplicities mi(L),... ,m r (L) respectively. Then 

r 

d - 1 = y^(m k (L) - 1 ). 

k =1 

Lemma 2.2. Let L = {L i,..., Lj} be a configuration of lines, letT(L) = {Pi ,..., P s }, 
be the set of singular points of the configuration. Let mi,..., m s be the multiplicities 
of points in T(£). Without loss of generality we can assume that 

mi m 2 ^ ^ m s . 


Then there are inequalities 

mi + ... + m r ^ d + 

for r = l,..., s. In the sequel we shall make frequent use of the following two 
particular cases: 

a) for s 3 there is a Triangular Inequality 

mi + m 2 + m 3 < d + 3, 

b) for sfi 4 there is a Quadrangle Inequality 

mi + m 2 + m 3 + m 4 ^ d + 6 . 

Proof. We count lines. For r = 1 we have obviously mi ^ d. For r = 2 we have 
mi + m 2 ^ d + 1 since at most one line is counted twice. For r = 3 we have 
mi + m 2 + m 3 ^ d + 3 since at most three lines are counted twice (lines through 
pairs of points Pi, P 2 , P 3 ). The general case follows in the same manner. □ 

We omit the proofs of the following simple facts 

Lemma 2.3 (Two Pencils Inequality). Let L = {Li,..., L^} be a configuration of 
lines, let {Pi,... ,P S }, where s ^ 2, be the set of singular points of the configuration. 
Let mi,.. ., m s be the multiplicities of points P\,... ,P S respectively. Without loss 
of generality we can assume that 

mi ^ m 2 > ... ^ m s . 
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a) If points Pi and P 2 do not lie on a configuration line, then 

17111712 + 2 ^ S, 

b) If points P± and P 2 lie on a configuration line, then 

(mi - 1 )(m 2 - 1 ) + 2 ^ s. 

Lemma 2.4 (The Pencil Criterion). If the union of lines in pencils through points 
P\..... P r gives the whole configuration, then all configuration points (apart from 
P\,... ,P r ) have multiplicity at most r. 

For configurations of lines in P 2 (C) the following inequality due to Hirzebruch is 
extremely useful, see 

Theorem 2.5. Let L be a configuration of d lines in the complex projective plane 
P 2 . Then 

4 + ^4 > d + ^(k - 4)4 

provided 4 = 4 -1 = 0. 


3 Harbourne constants 


Let K be an arbitrary field. 


Definition 3.1. Let L = {Li,..., L^} be a configuration of lines in the projec¬ 
tive plane P 2 (IK), let fP(£) = {Pi,..., P s } be the set of all singular points of the 
configuration. Then the linear Harbourne constant of L at T is defined as 


H l (K,L) 


d 2 ~ 

s 


( 2 ) 


Similarly, we define the linear Harbourne constant of configurations of d IK -lines as 
the minimum 

H L (K,d) := min H l (K,L) 

where the minimum is taken over all configurations of d lines in P 2 (IK). 

Going over all fields IK, we introduce the absolute linear Harbourne constant as 


Hi(d) := mm Hl(K, d). 


Motivated by it is convenient for a solution T = (4, • • ■, 4) of equation (fT|). 
to define the combinatorial quotient q(T ) associated to T as 


q(T) 


d 2 


2 tk 


(3) 


Note that if there exists a configuration of lines L with T = (4 (£),..., 4(^))j then 
we have q(T) = Hi( IK, L). The point is that not every solution of (HJ) can be realized 
in the geometrical way. 


Example 3.2. Let IK be a field. 
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1. In the case when d lines meet in one point (i.e. they belong to the same pencil) 
we have 

H l (K,L) =0. 

2. For a configuration of d general lines we have 

H l (K,L) = - 2 + ^p 

hence in this case the constant is always greater then — 2 . 

As the main result of this note we establish the values of the absolute linear 
Harbourne constants of up to ten lines. Since the case IK = C is of particular 
interest from the point of view of BNC, we compute separately also the complex 
Harbourne constants. 

Theorem 3.3. The values of the absolute Harbourne constants are 


d 

2 

3 

4 

5 

6 

7 

8 

9 

10 

H L {d) 

0 

-1 

_=!h_ 

-1,5 

__i5 

1 7 

-2 

-2 

-2,25 

— 2 — 
Z 12 


Over C we obtain the following values 


d 

2 

3 

4 

5 

6 

7 

8 

9 

10 

H L (C,d) 

0 

-1 

- 1 ! 

-1,5 

-f5 

1 7 

- 1 * 

-2 

-2,25 

2 4 
_ 15 


4 Proof of the main Theorem 

Proof. Our approach is the following. We find the list of all solutions T = fa, ■■■ ,td) 
for equation ©• Then we compute the corresponding quotients q(T). Then we take 
the minimal obtained quotients and discuss if there exists a geometric configuration 
with invariants fa,... ,td) either over C or over an arbitrary field. 

Since any two lines belong to one pencil, 

H l { 2 ) = 0 , 

by Example 13.21 

Three lines either meet in one triple point (see Figure[l|), or are general (see Figure[2]). 
So the minimal value of the Harbourne’s constant is —1. 




If we have 4 lines there are four solutions for equation m 
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(i) T = (6,0,0), and q(T) = -l|, 

(ii) T = (3,1, 0), and q(T) = -l\, 

(iii) T = (0,2,0), and q(T) = —1, 

(iv) T = (0,0,1), and q(T) = 0. 

Case (iii) is excluded by Lemma 12.11 Cases (i), (ii) and (iv) are geometrically 
realizable. The minimal value of the constant is obtained for a configuration of 
general lines, see Figure [2 



Figure 3: d = 4 


In the case of d = 5 we have the following candidates for the minimal value of 
the Harbourne constant 

(i) T = (10,0,0,0), and q(T) = —1,5, 

(ii) T = (7,1, 0,0), and q(T) = -1,5, 

(iii) T = (4, 2,0,0), and q(T) = —1,5, 

(iv) T = (1,3,0,0), and q(T) = —1,5. 

Case (iv) is excluded by Lemma 12.21 Cases (i), (ii) and (iii) are realizable, see 
Figure 01 
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Figure 4: d = 5 (configurations computing Hl( 5)) 


For d = 6 combinatorial equality © yields that there are the following candidates 
for the lowest value of Harbourne constant 

(i) T = (0, 5, 0,0, 0), and q(T) = -1, 8, 

(ii) T = (0,3,1,0,0), and q(T) = -1, 75, 

(iii) T = (3,4,0,0,0), and q(T) = — 1| ~ —1,714. 

Case (i) is excluded by Lemma 1 2. 11 Passing to (ii) we observe that the 4-fold point 
must be contained in every line (see Lemma im which is impossible. Then the 
minimal value of the Harbourne constant is —if, see Figure 0 



4.1 Seven lines 

The combinatorial equality © implies that for d = 7 we consider the following two 
cases for minimal Harbourne constant and the following cases need to be considered: 

(i) T = (0,1, 3,0,0,0) and q(T) = -2, 

(ii) T = (0,3, 2,0,0,0) and q(T ) = -2, 
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(iii) T = (0,5,1,0,0,0) and q(T ) = —2, 

(iv) T = (0, 7, 0,0, 0,0), and q(T) = —2, 

(v) T = (3, 6 ,0,0,0,0) and q(T) = —1|. 

Cases (i), (ii) and (iii) are excluded since the Parity Criterion (Lemma 12.111 yields 
that each configuration line must pass through an even number of 4-fold points 
(we do not have double points in these configurations). It is well known that the 
configuration of 7 lines with 7 triple points exists only in characteristic 2 (the smallest 
such configuration is the Fano plane P 2 (F 2 )) (see [3]). The picture below (Figure [ 6 ]) 
indicates collinear points as lying on the segments or on the circle (i.e. the circle is 
the seventh line). 



Figure 6 : d = 7, ts = 7, Fano 
plane 



Figure 7: d = 7, = 6 , t 2 = 3 


Case (v) is achievable over any, big enough, field, see Figure [0 


4.2 Eight lines 

Passing to the case of configurations of 8 lines observe to begin with that there 
are at most two 4-fold points or one 5-fold point (see Lemma 12.21) . Hence from 
the combinatorial equality (PQ) there are the following candidates for the minimal 
Harbourne constant: 

(i) T = (0,6,0,1,0,0,0) and q{T) = -2±, 

(ii) T = (1,5, 2,0,0,0,0) and q(T) = -2,125, 

(iii) T = (1,9,0,0,0,0,0) and q(T) = -2,1, 

(iv) T = (1,4, 0,0,1,0, 0) and q(T) = —2, 

(v) T = (3, 5, 0,1, 0,0, 0) and q(T) = - 2 , 

(vi) T = (4,4, 2,0, 0,0, 0) and q(T) = —2, 

(vii) T = (4, 6 ,1,0, 0,0, 0) and q(T) = —2, 

(viii) T = (4, 8 , 0,0, 0,0, 0) and q(T) = —2. 
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Cases (i), (iii), (v) are excluded since Lemma l2Tl yields that on each configuration 
line there must be an odd number of points with even multiplicity. In the first case 
we do not have any points with even multiplicity, in the second and the third one 
we do not have enough even points. 

For the cases (ii) and (vi) observe first that the two 4-fold points must lie on the 
same configuration line otherwise there cannot be any triple points by Lemma 12.41 
so the double point lies on this line too. Hence we have the following situation: 



Lines ..., Lq intersect in 9 double points and only at most three of them are 
collinear. So on the line L 7 there could be at most three triple points which is a 
contradiction. 

Lemma 12.21 yields that (iv) is impossible over any field. 

Case (vii) is achievable over any, big enough, field, see Figure [ 8 l 




Figure 8 : d = 8 , t± = 1, = 6 , 

t 2 = 4 Figure 9: d = 8 , = 8 , £2 = 4 

For case (viii) there is the Mobius-Kantor (83) configuration. This configuration 
cannot be drawn in the real plane. Collinearity is indicated by segments and the 
circle arch, see Figure [9) So the minimal value of the absolute and the complex 
Harbourne constant for d = 8 is —2. 

4.3 Nine lines 

In the case of d = 9 observe first that tg ^ 1. Indeed, for two points with multiplicity 
6 we need at least eleven lines, which is contradiction. By a similar argument we 
may show that if 4 is the highest multiplicity of points from IP, then t± ^ 3. As 
above, for four points with multiplicity 4 we need at least ten lines (see Lemma 
12.21) . Therefore, taking into account the above facts and from easy combinatorial 
calculations we obtain the following candidates for the lowest value of the Harbourne 
constant 
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(i) T = (0,6, 3,0,0,0,0, 0) and q(T) = -2±, 

(ii) T = (0, 8 , 2,0,0,0,0, 0) and q(T) = -2,3, 

(iii) T = (0,10,1, 0,0,0,0, 0) and q(T) = -2^, 

(iv) T = (0, 7,0,0,1,0,0, 0) and q(T) = -2, 25, 

(v) T = (0,12,0, 0,0, 0,0, 0) and q(T) = -2, 25. 

Cases (i), (ii), (iii) and (iv) are excluded by Lemma 12.11 since every configuration 
line meets 8 lines so there is the even number of even multiplicity points on each 
line. In the cases (iii) and (iv) we have only one point of even multiplicity. For the 
cases (i) and (ii) observe that two of 4-fold points have to lie on a configuration line. 
Then we have the following situation: 



Figure 10: Line with two 4-fold points 

The third 4-fold point has to lie on each line L 2 , . ■ . , L 7 , which is a contradiction 
and excludes the case (i). In the case (ii) there is only one point with even multiplicity 
on lines L 2 , ..., L7. 

For d = 9 there is the dual Hesse configuration. It is easier to describe the 
original Hesse configuration. It arises taking the nine order 3 torsion points of a 
smooth complex cubic curve (which carries the structure of an abelian group and 
the torsion is understood with respect to this group structure). There are 12 lines 
passing through the nine points in such a way that each line contains exactly 3 
torsion points and there are 4 lines passing through each of the points. See [Tj for 
details. This configuration cannot be drawn in the real plane. 

Beside the geometrical realization over the complex numbers, the same config¬ 
uration can be also easily obtained in characteristic 3, more precisely, in the plane 
P 2 (F 3 ) taking all 13 lines and removing from this set all 4 lines passing through a 
fixed point. We leave the details to the reader. 


4.4 Ten lines 

Finally we pass to the most involved case. To begin with we observe that adding 
a line passing through two triple points to the dual Hesse configuration yields a 
configuration of 10 lines with 1 4 = 2, £3 = 10, t 2 = 3 and Hl(K,L) = — 2 ^ ~ 
—2,2667. It suffices thus to consider solutions T of the combinatorial equality m 
with quotients less than —2^. This list is quite long. However a considerable part 
of it can be excluded by the Triangular Inequality (Lemma 12.211 , the Quadrangle 
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Inequality (Lemma 12.21) and the Parity Criterion (Lemma 12.11) . In the end we are 
left with the following candidates for the absolute linear Harbourne constant of 
degree 10 : 


T 

t'2 

h 

u 

h 

tfi 

Q(T) 

(i) 


1 

7 



-2,625 

(ii) 


3 

6 



-2,5555555556 

(iii) 


5 

5 



-2,5 

(iv) 


7 

4 



-2,4545454545 

(v) 


8 

1 


1 

-2,4 

(vi) 

3 


7 



-2,4 

(vii) 

2 

7 

2 

1 


-2,3333333333 

(viii) 


9 

3 



-2,4166666667 

(ix) 

3 

2 

6 



-2,3636363636 

(x) 

3 

4 

5 



-2,3333333333 

(xi) 

3 

6 

4 



-2,3076923077 

(xii) 

3 

8 

3 



-2,2857142857 


Now we consider cases (i), (ii), (iii), (iv). Since there are at least three 4-fold points, 
there must be a line passing through two of them. The Parity Lemma (Lemma 
CEO implies then that this line contains also a third 4-fold point, since there are no 
double points in these configurations. Hence we have the situation indicated on the 
following picture 



Since there are all configuration lines already visible in that picture, it is clear 
that there is no way to produce a fourth 4-fold point out of lines in 3 pencils A. B 
and C (see The Second Pencil Criterion). Therefore cases (i), (ii), (iii) and (iv) are 
excluded. 

In the case (v) note that the Parity Criterion yields that all configuration lines 
belong either to the pencil through the 4-fold point or to the pencil through the 
6 -fold point (the common line cannot be a configuration line). By the Second Pencil 
Criterion (Lemma 12.41) there is no way to obtain any triple points. 

For the case (vi) observe that there exists a line L\ with at least two 4-fold points (as 
in the Figure [TUI) . Lines L 2 ,..., L 7 intersect L\ in 9 double points. Together with 
the two 4-fold points there would be already 11 configuration points, a contradiction. 
Similarly case (vii) is excluded by the First Pencil Criterion (Lemma 12 .3D . since the 
5-fold point and 4-fold point must lie on a configuration line. 

For the last five possibilities (e.g. (viii), (ix), (x), (xi) and (xii)) note that Lemma 
12.51 implies that these configurations do not exist in the complex projective plane 
P 2 . 

The configuration (viii) does however exist over some other fields. Indeed if we take 
all lines and all points in the plane P 2 (Ps) then we have a configuration of thirteen 
lines and thirteen 4-fold points. Then we remove from this set 3 lines passing through 
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a fixed point. This gives a configuration of ten lines, three 4-fold points and nine 
triple points. Thus the absolute linear Harbourne constant of configuration of degree 
10 is equal to —2^ and it is achieved in the plane P 2 (IF 3 ). □ 
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